Spin-orbit-coupled topological Fulde-Ferrell states of fermions in a
  harmonic trap by Jiang, Lei et al.
ar
X
iv
:1
40
4.
62
11
v1
  [
co
nd
-m
at.
qu
an
t-g
as
]  
24
 A
pr
 20
14
Spin-orbit-coupled topological Fulde-Ferrell states of fermions in a harmonic trap
Lei Jiang1, Eite Tiesinga1, Xia-Ji Liu2, Hui Hu2 and Han Pu3
1Joint Quantum Institute, University of Maryland and National Institute
of Standards and Technology, Gaithersburg, Maryland 20899, USA
2Centre for Atom Optics and Ultrafast Spectroscopy,
Swinburne University of Technology, Melbourne 3122, Australia
3Department of Physics and Astronomy, and Rice Quantum Institute, Rice University, Houston, Texas 77251, USA
(Dated: July 21, 2018)
Motivated by recent experimental breakthroughs in generating spin-orbit coupling in ultracold
Fermi gases using Raman laser beams, we present a systematic study of spin-orbit-coupled Fermi
gases confined in a quasi-one-dimensional trap in the presence of an in-plane Zeeman field (which
can be realized using a finite two-photon Raman detuning). We find that a topological Fulde-Ferrell
state will emerge, featuring finite-momentum Cooper pairing and zero-energy Majorana excitations
localized near the edge of the trap based on the self-consistent Bogoliubov-de Genes (BdG) equations.
We find analytically the wavefunctions of the Majorana modes. Finally using the time-dependent
BdG we show how the finite-momentum pairing field manifests itself in the expansion dynamics of
the atomic cloud.
PACS numbers: 03.75.Ss, 05.30.Fk, 03.65.Vf, 67.85.Lm
Over the past few years, spin-orbit coupled quantum
gases have received a great amount of interest in both
the cold atom and condensed matter communities [1–
12]. This can be largely attributed to the fact that such
a system can potentially realize exotic quantum phases
in a controlled fashion. So far only one type of spin-orbit
coupling (SOC) — the equal-weight Rashba and Dressel-
haus SOC — has been realized [13, 14], although several
theoretical schemes have been proposed to realize more
general types of SOC. Nevertheless, the experimentally
realized SOC has already been shown to give rise to sev-
eral interesting quantum phases. These include the topo-
logical superfluid phase in a one-dimensional (1D) system
supporting Majorana modes near the boundaries [15–
18], and the Fulde-Ferrell (FF) superfluid state featuring
finite-momentum Cooper pairing [19–25]. Furthermore,
in a 1D setting, these two features can coexist where
one realizes an exotic topological FF superfluid [26–30].
Early experiments explored the possibility of the Fulde-
Ferrell-Larkin-Ovchinnikov state in spin-imbalanced cold
atoms [31–33], with indirect evidence only coming from
a quasi-1D setup [34].
Previous work on topological FF phases focused on
homogeneous 1D gases. In this work, we consider a sys-
tem in a realistic 1D harmonic trapping potential and in-
vestigate how signatures of exotic phases can be probed
in practice. Such a quasi-1D system can be realized by
confining atoms in strong 2D optical lattices [34]. The
presence of a trapping potential suppresses quantum fluc-
tuations and makes mean-field calculations qualitatively
reliable [35, 36]. The two goals of this work are: (1)
We show how a Majorana mode, the smoking gun of
the topological order, manifests itself in the density of
states (DOS) in both real and momentum space. We
obtain the wavefunctions of the Majorana quasi-particle
states analytically and show that they are in good agree-
ment with numerical results based on the Bogoliubov-
de Gennes (BdG) formalism. (2) We show how finite-
momentum Cooper pairing, the telltale signal of the FF
phase, leaves detectable traces in the expansion dynamics
of the atomic cloud.
Model — We consider a spin-1/2 Fermi gas confined
in a 1D harmonic trap. Its Hamiltonian is given by
H = H0 +Hint, with single-particle component H0 and
interacting componentHint describing the s-wave contact
interaction. In fact
H0 =
ˆ
dxψ†↑(x)[Hs + δ/2]ψ↑(x) +
ˆ
dxψ†↓(x)[Hs − δ/2]ψ↓(x)−
ΩR
2
ˆ
dx
[
ψ†↑(x)e
i2kRxψ↓(x) +H.c.
]
Hint = g1D
ˆ
dxψ†↑(x)ψ
†
↓(x)ψ↓(x)ψ↑(x),
where ψ↑(x), ψ↓(x) are Fermi annihilation operators for
the two spin states. The Hamiltonian Hs = − ~22m ∂
2
∂x2 −
µ + VT (x) with µ being the chemical potential and
VT (x) =
1
2mω
2x2 the harmonic trapping potential with
2a frequency ω. The constants δ and ΩR represent the de-
tuning and strength of the two-photon Raman coupling,
respectively, 2~kR is the photon recoil momentum im-
parted to the atoms from the Raman lasers, and ~ is re-
duced Planck constant. Finally, g1D is the 1D two-body
s-wave interaction strength.
After applying the local gauge transformation
ψ↑(x) = eikRx [φ↑(x)− iφ↓(x)]/
√
2 ,
ψ↓(x) = e−ikRx [φ↑(x) + iφ↓(x)]/
√
2 ,
the single-particle Hamiltonian H0 becomes
H0 =
ˆ
dxφ†[Hs + (−iλ∂x + ν)σy − hσz]φ , (1)
where φ = [φ↑(x), φ↓(x)]T and we have dropped a con-
stant corresponding to the atomic recoil energy. In writ-
ing Eq. (1), we have defined the spin-orbit-coupling con-
stant λ ≡ ~2kR/m, the effective out-of-plane Zeeman
field h ≡ ΩR/2 and the effective in-plane Zeeman field
ν ≡ δ/2. It is convenient to define effective Zeeman field
strength b ≡ √h2 + ν2. The operators σy and σz are
Pauli matrices in the atomic spin basis. The interaction
Hamiltonian Hint is invariant under this gauge transfor-
mation.
Bogoliubov-de Gennes formalism — In the mean-field
BdG approximation, we assume a non-zero complex or-
der parameter or gap ∆(x) ≡ −g1D〈φ↓(x)φ↑(x)〉 =
−ig1D〈ψ↓(x)ψ↑(x)〉, and in terms of the Nambu spinor
Φ(x) = [φ↑(x), φ↓(x), φ+↑ (x), φ
+
↓ (x)]
T the mean-field
Hamiltonian becomes
Hmf =
1
2
ˆ
dxΦ†(x)HBdGΦ(x)+Tr[Hs]−
ˆ
dx
|∆(x)|2
g1D
,
where
HBdG =


Hs − h −λ∂x − iν 0 −∆(x)
λ∂x + iν Hs + h ∆(x) 0
0 ∆∗(x) −Hs + h λ∂x − iν
−∆∗(x) 0 −λ∂x + iν −Hs − h

 .
The Bogoliubov quasi-particles are obtained by diago-
nalizing
HBdG ϕη(x) = Eη ϕη(x) , (2)
with energies Eη and wavefunctions ϕη(x) =
[u↑η(x), u↓η(x), v↑η(x), v↓η(x)]T indexed by subscript
η = 1, 2, 3 . . . The wavefunctions are normalized such
that
∑
σ=↑,↓
´
dx(|uση(x)|2 + |vση(x)|2) = 1. The order
parameter
∆(x) = −g1D
2
∑
η
[u↑ηv∗↓ηf(Eη) + u↓ηv
∗
↑ηf(−Eη)]
must be solved self consistently, where f(E) is Fermi-
Dirac distribution function f(E) = 1/[eE/kBT +1] and T
is the temperature. Here we present results for T = 0.
To solve the eigenvalue problem, we use the discrete
variable representation of the plane wave basis [37]. We
employ 1001 plane-wave bases and the total number
of atoms is N = 60. In the harmonic trap with fre-
quency ω, we define the non-interacting Fermi energy
EF = ~ωN/2, the Fermi wave number kF , obtained
from EF = ~
2k2F /(2m), and the Thomas-Fermi radius
xTF =
√
N~/(mω). Throughout we use EF and xTF as
the natural energy and length scale, respectively. Equa-
tion (2) is solved by using a “hybrid” method of Ref.
[36, 38]. We start with an initial guess of the order pa-
rameter. We then find all the eigenpairs of HBdG with
energy |E| 6 Ec where Ec is a cut-off energy that is cho-
sen to be large compared to the Fermi energy but small
compared to the full spectral width of the discretized
HBdG. Typically we take Ec = 8EF . For states above
the energy cut-off, we employ a semi-classical method
based on the local density approximation. The updated
order parameter is calculated by combining the contri-
butions from the numerical and semi-classical solutions.
The procedure is repeated until convergence of the order
parameter is reached.
It is convenient to characterize the interaction strength
g1D by a dimensionless interaction parameter γ ≡
−mg1D/(~2n0) which represents the ratio between the in-
teraction and kinetic energy. Here n0 = (2/pi)
√
Nmω/~
is the total atomic density at the trap center in the
Thomas-Fermi approximation.
To study expansion dynamics, we solve the time-
dependent BdG equation [39–42]
i~∂t ϕη(x, t) = HBdG ϕη(x, t) ,
with the initial wavefunction of ϕη(x, 0) set by the ground
state of the trapped system obtained from Eq. (2). We
use the Runge–Kutta method for the time propagation.
The kinetic energy and the spin-orbit coupling term are
propagated in the interaction picture using a fast Fourier
transform.
Topological FF state in trap — In Fig. 1, we charac-
terize the properties of the topological FF state in the
trapped system using experimentally relevant parame-
ters. Figure 1(a) shows atom density profiles of both
spin species, nσ(x) = 〈ψ†σ(x)ψσ(x)〉, along with the mag-
nitude of the order parameter |∆(x)|. The densities peak
at the center of the trap, while |∆(x)| has a minimum
at the center and reaches its maximum value near the
edge of the cloud. This is due to a peculiar property of
1D quantum gases [36]: for sufficiently large density, the
effect of the interaction and thus the order parameter is
enhanced by reducing the number density, while near the
edge of the cloud, the order parameter has a power law
dependence on density.
For positive two-photon detuning δ = 2ν used in the
calculation, the effective chemical potential for spin-up
atoms, µ − δ/2, is lower than that for spin-down atoms,
3µ + δ/2 . Consequently, spin-up (spin-down) represents
the minority (majority) species. As we change the sign
of δ, the density profiles of the two spin species switch.
This follows from a symmetry of the BdG Hamiltonian
for this system: Under the simultaneous transformation
ν → −ν, ∆(x)→ −∆(−x) and
[u↑η(x), u↓η(x), v↑η(x), v↓η(x)] →
[u↑η(−x), −u↓η(−x), v↑η(−x), −v↓η(−x)] ,
Equation (2) remains invariant.
Figure 1(b) shows the real and imaginary parts of the
order parameter. Near the center of the trap, the order
parameter has the plane-wave form ∆(x) ≃ ∆0 eiqx, indi-
cating finite-momentum pairing. This is the characteris-
tic signature of a FF superfluid state [43, 44]. The pairing
momentum q can be easily extracted from the data. The
inset of Fig. 1(b) shows that q increases nearly linearly
as a function of ν.
Majorana modes — In Fig. 1(c), we show the low-lying
quasi-particle excitation spectrum of the system. The
two dots with zero energy are the Majorana modes char-
acterizing the nontrivial topological nature of the system.
The Majorana modes exist inside a gap in the energy
spectrum. For comparison, a spectrum for a topologi-
cally trivial system is shown in the inset, where no states
inside the gap exist. The wavefunctions of the two Majo-
rana modes are plotted in Fig. 1(d). The two Majorana
modes are spatially localized near the two edges of the
cloud at x = ±xTF . Their wavefunctions satisfy the con-
dition |uσ| = |vσ|. The contribution of the Majorana
modes to the order parameter is negligible. This is not
surprising as many states contribute to ∆(x).
Figure 2 shows the density of states both in real space
and momentum space and defined by
ρ(x, ω) =
1
2
∑
ση
[|uση|2δ(ω − Eη) + |vση |2δ(ω + Eη)] ,
ρ˜(k, ω) =
1
2
∑
ση
[|u˜ση|2δ(ω − Eη) + |v˜ση |2δ(ω + Eη)] ,
where u˜ση(k) =
´
uση(x)e
ikxdx, v˜ση(k) =
´
vση(x)e
ikxdx
are the Fourier transforms of uση(x) and vση(x), respec-
tively. In the calculations, the Dirac δ-function is re-
placed by a Gaussian with width on the order of spac-
ings in the energy spectrum away from the gap. The
zero-energy Majorana modes in the plots of the density
of states are easily identified. They are localized in both
real space (near ±xTF ) and momentum space (around
k = 0). In principle, the density of states can be mea-
sured in experiment by using spatial and momentum re-
solved radio-frequency spectroscopy [45].
We can derive analytic formulas for the Majorana
wavefunctions using the fact that they are localized in
both real and momentum spaces. The derivation with de-
tails found in the Supplemental Material [46] is based on
↑
↓
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FIG. 1: (a) Density profiles nσ(x) in units of n0 (left y-axis)
and order parameter profile |∆(x)| in units of EF (right y-
axis). (b) The real and imaginary parts of the order param-
eter profile. The inset shows the pairing momentum q as a
function of ν. (c) Low-lying spectrum of quasi-particle ex-
citation. The inset shows the corresponding spectrum of a
topologically trivial phase with ν = 0 and h = 0.5EF with
other parameters the same as those of the rest of the figure.
(d) Wavefunction of the Majorana modes. The thin (thick)
lines represent numerical (analytical) results. The parameters
used for this figure are γ = 2.2, λ = 1.5EF /kF , h = 0.8EF ,
and ν = 0.2EF unless otherwise noted.
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FIG. 2: Density of states in real space (left panel) and in
momentum space (right panel). The parameters are the same
as in Fig. 1. Brighter color represents higher density of states.
the linearization of the BdG Hamiltonian around x = x0
and k = 0, where x0 is a real-space position near which
the Majorana modes are localized. A natural choice for
x0 is inspired by the local density approximation at this
point. The local, homogeneous Hamiltonian becomes
topologically nontrivial, has zero eigenvalues when the
Zeeman field strength b =
√
h2 + ν2 exceeds the criti-
cal value
√
µ2(x0) + |∆(x0)|2, where µ(x) = µ − VT (x).
Hence we choose x0 such that b =
√
µ2(x0) + |∆(x0)|2.
4Neglecting the kinetic energy term, approximating VT (x)
by 12mω
2x20 + mω
2x0(x − x0), and replacing ∆(x) by
∆(x0) ≡ ∆0 leads to a linearizedHBdG . The zero energy
modes of the linearized HBdG are found by using degen-
erate perturbation theory and leads to Majorana modes
that are Gaussians localized at either left or right edge
of the harmonic trap and given by
|L,R〉 = e
− (x−x0)2
2σ2
4
√
piσ2
χ and σ2 =
√
|∆0|2 − ν2√
b2 − |∆0|2
λ
|mω2x0| ,
where |L,R〉 are the left/right localized edge states, χ
is a spatially independent Nambu function given in the
Supplemental Material [46]. We plot the analytical wave-
functions of the Majorana modes in Fig. 1(d) together
with the numerical results. The agreement is remark-
able.
Expansion of the FF state — The characteristic signa-
ture of the FF state is finite-momentum pairing. Here,
we show how this feature manifests itself in the density
profiles of the atomic cloud during time-of-flight expan-
sion. Figure 3 shows the time evolution of the density
profiles for both an interacting and a non-interacting gas.
Initially, the density profiles of both spin states are sym-
metric about the trap center. As the cloud expands, the
profiles become asymmetric when ν 6= 0. Furthermore,
the center of mass of each spin state moves in opposite di-
rections regardless of whether the atoms interact or not.
There is, however, an important difference between an
interacting and a non-interacting cloud. As shown in
Fig. 4, for a non-interacting cloud, the center-of-mass
position of the whole cloud, defined as
xcm =
1
N
∑
σ=↑,↓
ˆ
xnσ(x) dx ,
remains at zero, while xcm for an interacting cloud de-
viates from zero as time increases. The deviation is
stronger for larger interaction strength γ and larger in-
plane Zeeman field strength |ν|. This result is consis-
tent with a two-body calculation carried out by Dong
et al. [19], where they found that the total mechanical
momentum of the interaction-induced two-body bound
state becomes finite as long as the in-plane Zeeman field
is present. In the present study, the non-zero xcm dur-
ing the expansion is a direct consequence of the finite-
momentum FF pairing in the original trapped system.
That xcm changes faster for larger interaction strength
can be attributed to stronger pairing, and hence a larger
fraction of the atoms form Cooper pairs with finite mo-
mentum.
Conclusion — We have considered both the static and
dynamical properties of a trapped 1D Fermi gas subject
to equal-weight Rashba-Dresselhaus spin-orbit coupling.
This system enters an exotic topological FF state regime
when a large effective Zeeman field with a non-zero in-
plane component is present. The two salient features of
n
↑
n
↓
FIG. 3: Expansion dynamics of the Fermi cloud released at
time t = 0. Top row: A interacting case with γ = 2.2. Bottom
row: A non-interacting case with γ = 0. Other parameters
are: λ = 1.5EF /kF , h = 0.8EF and ν = 0.2EF . From left
to right are plots of density profiles at t = 0, 0.88/ω0, and
2.04/ω0, respectively.
(a)
(b)
non-interacting
FIG. 4: Center-of-mass position of the atomic cloud during
free expansion. In (a), different curves represent different in-
teraction strengths for ν = 0.2EF . In (b), different curves
represent different in-plane Zeeman fields for γ = 2.2. Other
parameters are the same as in Fig. 3.
this phase is (1) the presence of zero-energy Majorana
modes localized near the edge of the trap; and (2) finite-
momentum pairing. These features manifest themselves
in the density of states and the center-or-mass displace-
ment during expansion, respectively. We hope future ex-
periments may be able to realize and probe this interest-
ing quantum phase.
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In this Supplemental Material, we provide details on how to derive the analytic wavefunction of the Majorana modes
for a trapped 1D system. Our method relies on a linearization of the Bogoliubov-de Gennes (BdG) Hamiltonian based
on the fact that Majorana modes are localized in both real (near the trap edges) and momentum (near zero momentum)
space. We divide the BdG Hamiltonian HBdG = H0+H1+H2, where H0, a local Hamiltonian at real-space point x0
near which the Majorana modes are localized, is given by
H0 =


1
2mω
2x20 − µ− h −iν 0 −∆0
iν 12mω
2x20 − µ+ h ∆0 0
0 ∆∗0 − 12mω2x20 + µ+ h −iν
−∆∗0 0 iν − 12mω2x20 + µ− h

 ,
H1 contains the linearized potential and spin-orbit coupling term given by
H1 =


mω2x0(x− x0) −iλkˆ 0 0
iλkˆ mω2x0(x− x0) 0 0
0 0 −mω2x0(x− x0) iλkˆ
0 0 −iλkˆ −mω2x0(x− x0)

 .
Finally, H2 contains the kinetic energy and corrections of the order parameter ∆(x) near ∆0 ≡ ∆(x0). We neglect
H2 in our calculation.
The local Hamiltonian H0 has two degenerate zero-energy states when
b =
√(
1
2
mω2x20 − µ
)2
+ |∆0|2 ,
where the effective Zeeman field strength b =
√
h2 + ν2 combines both the in- and out-of-plane field. This equation
sets the value of x0. In our parameter region, x0 has two solutions ±|x0|, localized near the left and right edge of the
harmonic trap, respectively. The corresponding zero-energy eigenstates are
|1〉 =
(
− a+ h√
2b2 + 2ah
,
iν√
2b2 + 2ah
, 0,
∆∗0√
2b2 + 2ah
)T
,
|2〉 =
(
iν√
2b2 − 2ah,
a− h√
2b2 − 2ah,
∆∗0√
2b2 − 2ah, 0
)T
,
where a =
√
b2 − |∆0|2. The two other eigenstates of H0 have finite energy ±2b. As we are only interested in
zero-energy states of the Hamiltonian, we neglect the effects of these two energy states in the following.
Next, we treat H1 as a small perturbation to H0 in the subspace spanned by {|1〉, |2〉}. In this two dimensional
subspace, H1 takes the form
Heff1 =
(
a(a+h)
b2+ah τxˆ − (a+h)νb2+ah λkˆ, − aν√b4−a2h2 iτ xˆ+
ν2−|∆0|2√
b4−a2h2 iλkˆ
aν√
b4−a2h2 iτ xˆ −
ν2−|∆0|2√
b4−a2h2 iλkˆ,
a(a−h)
b2−ah τxˆ− (a−h)νb2−ah λkˆ
)
,
where τ = mω2x0 and xˆ = x− x0.
2In real space, the momentum operator takes the form kˆ = −id/dx and we search for a zero-energy eigenstate (p, q)T
of Heff1 . This leads to coupled differential equations for p and q with unit-normalized Gaussian solutions
p =
1
4
√
piσ2
e−
(x−x0)
2
2σ2 ,
q = −sgn(τ)
√
h+ a
h− a
√
b2 − ah
b2 + ah
p ,
where sgn(z) is the sign of z and the width σ is determined by σ2 = λ
√
h2 − a2/(|τ |a). The two corresponding
normalized Nambu wavefunctions are
|L,R〉 = [u↑(x), u↓(x), v↑(x), v↓(x)]T = 14√
piσ2
e−
(x−x0)
2
2σ2 χL,R ,
with
χL,R =
(
−√h+ a[√h2 − a2 + sgn(τ)iν]
2
√
h|∆0|
,
√
h− a[iν + sgn(τ)√h2 − a2]
2
√
h|∆0|
,−sgn(τ)
√
h+ a
2
√
h
∆∗0
|∆0| ,
√
h− a
2
√
h
∆∗0
|∆0|
)T
,
where the left and right localized edge states |L,R〉 require sgn(τ) = −1 and 1, respectively. One can check that
the wavefunctions satisfy the symmetry requirement |uσ| = |vσ| for Majorana modes. Finally, in order to compare
with numerical results of our self-consistent BdG calculations, we define the symmetric and anti-symmetric states
|ϕ±〉 = (|L〉 ± |R〉)/√2.
In deriving the above results, we have assumed that ν < |∆0|. This is reasonable as for large ν the order parameter
becomes vanishingly small. In the limit ν ≪ |∆0|, the wavefunction of the Majorana mode takes the form
|L,R〉 = 1
4
√
piσ2
e−
(x−x0)
2
2σ2
( −(a+ h)
2
√
h2 + ah
, sgn(τ)
(h− a)
2
√
h2 − ah, −sgn(τ)
∆∗0
2
√
h2 − ah,
∆∗0
2
√
h2 + ah
)T
.
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